We investigate the notion of Igusa level structure for a one-dimensional Barsotti-Tate group over a scheme X of positive characteristic and compare it to Drinfeld's notion of level structure. In particular, we show how the geometry of the Igusa covers of X is useful for studying the geometry of its Drinfeld covers (e.g. connected and smooth components, singularities). Our results apply in particular to
Introduction
In the theory of modular curves, an important role is played by Igusa curves [4] . These are moduli spaces of elliptic curves in positive characteristic p which can be identified with the smooth components of the reduction modulo p of modular curves. As schemes, they naturally arise as smooth compactifications of finite étale Galois covers of the ordinary loci of the reduction of modular curves of level prime to p.
This classical approach was extended by Carayol [1] to study the bad reduction of Shimura curves, and later by Harris and Taylor [3] to the context of some simple Shimura varieties of (PEL)-type. (PEL)-type Shimura varieties arise as moduli spaces of polarized abelian varieties endowed with additional structures. In [3] , Harris and Taylor isolate some simple Shimura varieties whose reduction modulo a chosen prime w of positive characteristic could successfully be studied via higher-dimensional analogues of Igusa curves. Their key assumption is that the deformation theory of the abelian varieties classified by the Shimura varieties is controlled by one-dimensional Barsotti-Tate groups. As the additional structures on the abelian varieties induce additional structures on the associated Barsotti-Tate groups, these are endowed with a compatible action of the ring of integers O K of a local field K /Q p (and are accordingly called compatible Barsotti-Tate O K -modules).
In this higher-dimensional context, the classical stratification of the reduction of modular curves into ordinary locus and supersingular points is replaced by the p-rank stratification of the reduction of Shimura varieties, whose strata are defined as the locally closed reduced subschemes where the p-rank of the p-divisible part of the abelian varieties is constant. Following classical Igusa theory, Harris and Taylor formulate some new Igusa moduli problems in terms of level structure on the étale part of the pertinent Barsotti-Tate O K -modules. These are representable when restricted to the p-rank strata of the reduction of a Shimura variety of level prime to w, and moreover finite étale and Galois (thus, in particular, also smooth). Further more, each p-rank stratum of a Shimura variety with bad reduction at w is the disjoint union of some distinguished smooth subvarieties (not necessarily connected), each isomorphic (up to an inseparable map) to the Igusa variety of the same level over the corresponding p-rank stratum of a certain Shimura variety with good reduction. The explanation of how these smooth subvarieties piece together inside the bad reduction of the Shimura variety remains unaddressed.
In this paper we provide an answer to this question, by introducing a notion of Igusa level structure which does not require constant p-rank. This allows us to extend the Igusa covers over the ordinary stratum (i.e. the maximal p-rank stratum) to the whole Shimura variety. We prove that these compactified Igusa covers are finite flat smooth covers over the underlying Shimura variety with good reduction. Further more, in the cases of bad reduction, we show that each smooth component of the Shimura varieties is isomorphic (up to an inseparable map) to the corresponding Igusa variety. An explicit description of the intersections in terms of the local coordinates
